Complex supermanifold structures being deformations of the exterior algebra of a holomorphic vector bundle, have been parametrized by group orbits on non-abelian cohomology (see [Gre82] ). For the case of odd dimension 4 and 5 an identification of these cohomologies with a subset of abelian cohomologies being computable with less effort, is provided in this article. Furthermore for a rank ≤ 3 sub vector bundle F → M of a holomorphic vector bundle E → M , a reduction of a (possibly non-split) supermanifold structure associated to ΛE to a structure associated to ΛF is defined. In the case E = F ⊕ F with vector bundle F of rank ≤ 2, the complete cohomological information of a supermanifold structure associated to E is given in terms of cohomologies compatible with the decomposition of E. As an application, parameter spaces for complex supermanifold structures associated to any rank 3 or 4 vector bundle on the complex projective line P 1 (C) are determined.
This decomposition of cohomologies is of good use for the analysis of the H 0 (M, Aut(E))-orbit structure on H 1 (M, G E ) since it is preserved by H 0 (M, Aut(F ) × Aut(F )).
As an application we parametrize the supermanifold structures of odd dimension 4 on the manifold M = P 1 (C) using also the classification of the abelian case of odd dimension 3 (fourth section). The complete classification of supermanifold structures of odd dimension 3 is hence also included in this article. Special cases of odd dimension 3 and 4 were discussed and classified before in [BO96a] , [BO96b] , [Vis13a] and [Vis13b] .
Non-Split supermanifold structures
The first section contains an introduction to the topic of complex non-split supermanifolds fixing the notation. Details can be found e.g. in [Gre82] and [Rot82] .
Let M = (M, O M ) be a complex supermanifold with underlying complex manifold M , sheaf of superfunctions O M and projection onto numerical holomorphic functions pr :
2 defines a holomorphic vector bundle on M . Denote its automorphisms by Aut(E), its sheaf of sections by O E , its full exterior power by ΛE and the sheaf of automorphisms of algebras on O ΛE preserving the Z/2Z-grading (but not necessarily the O M -module structure) by Aut(ΛE). The rank of E is the odd dimension of M. Following [Gre82] denote by G E ⊂ Aut(ΛE) the subsheaf of groups given by elements ϕ ∈ Aut(ΛE) satisfying
It is proved in [Gre82] that the isomorphy classes of complex supermanifolds associated to a given vector bundle E → M are in 1 : 1 correspondence to the H 0 (M, Aut(E))-orbits by conjugation on theČech cohomology H 1 (M, G E ). Note that this cohomology is meant with respect to composition of maps with identity as neutral element. So H 1 (M, G E ) is nothing more but a pointed set. The orbit of the identity in H 1 (M, G E ) corresponds to the unique split supermanifold structure associated to
Following [Rot82] let Der (2) (ΛE) denote the sheaf of even derivations on the sheaf of Z/2Z-graded algebras O ΛE satisfying
It is shown in [Rot82] that the exponential map maps Der (2) (ΛE) isomorphically onto G E . The sheaf Der (2) (ΛE) itself decomposes
where Der 2k (ΛE) is the sheaf of even derivations satisfying w(O Λ j E ) ⊂ O ΛE j+2k for all j ≥ 0. More precisely, for fixed 2k a derivation in Der 2k (ΛE) is given by its values on the sections in the subbundle Λ 0 E ⊕ Λ 1 E ⊂ ΛE. This yields the identification:
Here In the following d denotes the coboundary operator of the non-abelian cochain complex of G E , while d denotes the respective operator for the abelian complex of Der (2) (ΛE).
2 Non-abelian cohomology in odd dimension 4 and 5
The non-abelian cohomology H 1 (M, G E ) for E of rank 4 or 5, is identified with a subset of the abelian cohomology H 1 (M, Der (2) (ΛE)).
In this section fix rk(E) ∈ {4, 5}. For a cocycle exp(u 2 + u 4 ) ∈ Z 1 (M, G E ) where u 2s ∈ C 1 (M, Der 2s (ΛE)), it is by direct calculation necessary that u 2 ∈ Z 1 (M, Der 2 (ΛE)). Furthermore define
where the notion of End (2) (ΛE) = ∞ k=1 End 2k (ΛE) in the sheaf of complex linear endomorphisms of O ΛE is defined analogously to (1). From the cocycle condition on exp(u 2 + u 4 ) it follows that c u 2 = −du 4 and hence c u 2 is a coboundary of derivations. Denote:
by adding a coboundary, restricts to an action onZ 1 (M, Der 2 (ΛE)).
) be any map satisfying (4) for the third argument and continue it via (5) to
. From (3) setting u 4 = v 4 = 0 it follows by direct calculation that c u 2 = c u 2 +dv 2 + dF (v 2 , u 2 ) for all v 2 ∈ C 0 (M, Der 2 (ΛE)) and u 2 ∈Z 1 (M, Der 2 (ΛE)). Using this and (5), (4) holds for ϕ = Id. Since u 2 → c u 2 , d and F are H 0 (M, Aut(E))-equivariant, (4) holds for the continued map D.
, and set:
With Lemma 1 it follows:
Proof. It is with (3) and H 0 (M, Aut(E))-equivariance of exp, d and F :
Differing via equation (5) 
Cohomology for decomposable vector bundles
Assume in this section that F ⊂ E is a complex sub vector bundle of rank ≤ 3. In the first part of this section E may have any rank ≥ rk(F ) and a projection morphism pr F : E → F is fixed and extended to Λpr F : O ΛE → O ΛF . The goal is a restriction of a supermanifold structure on E to a supermanifold structure on F , and secondly expressing the cohomological data in the case E = F ⊕ F with rk(F ) ≤ 2 in terms of abelian cohomologies compatible with the decomposition.
This cochain induces a supermanifold structure associated to F :
Lemma 2. The cochain α F lies in Z 1 (M, G F ) and the map
is well-defined.
Proof. Writing α ij as the exponential of ∞ k=1 u 2k,ij with u 2k,ij ∈ Der(M, Der 2k (ΛE)) yields (α F ) ij as the exponential of Λpr F • u 2,ij | ΛF since the Der 4 (ΛF )-term vanishes. Hence
In a similar way it is obtained that the map α → α F maps coboundaries to coboundaries.
Remark 2.
(1) Note that α F in general does not define the structure of a subsupermanifold. (2) It was used that the composition of endomorphisms, that increase the degree by 2, is zero up to odd dimension 3. The Lemma does in general not hold for higher rank subbundles. (3) In the special case 2 that the cocycle α can be chosen such that log(α) ∈ Der (2 ) (ΛE), the Lemma follows for subbundles up to rank 4 − 1.
Approaching odd dimension 4 and 5, from now on assume the case E = F ⊕F with rk(F ) ≤ 3 and rk(F ) ≤ 2. This yields a decomposition
Note that the term (pr X • α| Z ) missing in the list, vanishes for reasons of degree. All eleven mentioned cochain complexes, those of the first line with respect to composition, the remaining with respect to the sum of maps, are abelian. Continuing all eleven cochains by zero on the complement of their domain of definition respectively, their sum equals α. It follows from Proposition 1 and arguments similar to those in the proof of Lemma 2:
Proposition 2. For a complex manifold M and the sum of a rank ≤ 3 vector bundle F and a rank ≤ 2 vector bundle F denoted E = F ⊕ F , fix a map D as in section 2 and decompose
induces a map of cohomologies from H 1 (M, G E ) to the direct sum H of the eleven abelian cohomologies of the cochain complexes in (6). The induced map yields a bijection between H 1 (M, G E ) and the subset of elements in H that can be represented by cocycles of the type (α T ,û 2,RS ,û 4,P Q ) satisfying c u ∈ B 2 (M, Der 4 (ΛE)) with u = T log(α T ) + R,Sû 2,RS .
Hence the Proposition is of good use for the classification of supermanifold structures being parametrized by H 0 (M, Aut(E))-orbits on H 1 (M, G E ).
For the case of rk(F ) = 1 denoting the line bundle F by L, the result of Proposition 2 can be simplified. Most of the cochains in (6) vanish. The remaining are:
Note that for α = α F + α L + u F + u L the cochains u F and u 4,L have no influence on c u .
Corollary 1. For a complex manifold M and the sum of a rank ≤ 3 vector bundle F and a line bundle L denoted E = F ⊕ L fix a map D as in section 2. Then the elements [α] in the cohomology H 1 (M, G E ) correspond bijectively to the well defined classes
The methods developed above are now applied to supermanifold structures of odd dimension 4 on P 1 (C).
4 Supermanifold structures on P 1 (C)
For the complex manifold M = P 1 (C) all supermanifold structures of odd dimension 3 are parametrized in a first step. These are described by group orbits on abelian cohomologies. Using the methods of the previous sections, parameter spaces for all supermanifold structures of odd dimension 4 are given. All parameter spaces will naturally appear as group orbits on finite dimensional vector spaces.
Let O(k) for k ∈ Z denote the line bundle on P 1 (C) with divisor k · [0 : 1]. Then it is:
Note that any vector bundle on P 1 (C) can be decomposed into a direct sum of line bundles (see [Gro56] ) which are each isomorphic to one of the O(k). For a given vector bundle E → M of finite rank fix such a decomposition E = m i=1 O(l i ) with l i ∈ Z. This yields a decomposition of ΛE as a vector bundle
Note that as a line bundle O(
, but for the algebra structure on ΛE it is important to distinguish between isomorphic summands in (7).
Since a global section in Aut(E) maps a line bundle in E to a line bundle of the same isomorphy class, it is setting m i = #{l j | l j = i}:
Denote the standard and dual action of GL(n, C) by ρ, resp. ρ * .
Odd dimension 3
Assume now that m = 3. Decompose E = O(l 1 )⊕O(l 2 )⊕O(l 3 ) with l 1 , l 2 , l 3 ∈ Z and l 1 ≤ l 2 ≤ l 3 . It is H 1 (M, G E ) ∼ = H 1 (M, Der 2 (ΛE)). Using (2) and further that Hom O M (Λ 1 E, Λ 3 E) consists of multiplication operators in O Λ 2 E , it is:
Hence it is:
Furthermore it follows:
For the parametrization of supermanifold structures identify the orbits of the diagonal action of GL(k, C) on (C k ) n with the elements in
The following theorem is deduced from Lemma 3. The case l 1 = l 2 = l 3 was done in [Vis13b] .
Theorem 1. Any non-split supermanifold structure of odd dimension 3 on P 1 (C) can be associated to a vector bundle
The supermanifold structures associated to E are bijectively parametrized by:
The split supermanifold structure is in any case given by the tuple of trivial subspaces.
Proof. Case l 1 = l 2 = l 3 : In this case it is H 0 (M, Aut(E)) ∼ = GL(3, C). Its action on the vector space H 1 (M, G E ) ∼ = C 3(c 12 +d 12 ) is given by A → M A ⊗ Id c 12 +d 12 , where M A is the matrix of minors of A. Note that {M A | A ∈ GL(3, C)} = GL(3, C). Case l 1 = l 2 < l 3 , resp. l 1 < l 2 = l 3 : In this case H 0 (M, Aut(E)) ∼ = GL(2, C) × C × , respectively C × ×GL(2, C). For l 1 = l 2 < l 3 its action on H 1 (M, G E ) ∼ = C c 12 +d 12 ⊕C 2(c 13 +d 13 ) is (A, d) → (det(A) ⊗ Id c 12 +d 12 ) ⊕ (d · A ⊗ Id c 13 +d 13 ). The case l 1 < l 2 = l 3 follows analogously. Case l 1 < l 2 < l 3 : In this case it is H 0 (M, Aut(E)) ∼ = diag(3, C) ⊂ GL(3, C). Its action on the identified vector space H 1 (M, G E ) ∼ = C c 12 +d 12 ⊕ C c 13 +d 13 ⊕ C c 23 +d 23 is given by (λ 1 , λ 2 , λ 3 ) → λ 1 · λ 2 · Id c 12 +d 12 ⊕ λ 1 · λ 3 · Id c 13 +d 13 ⊕ λ 2 · λ 3 · Id c 23 +d 23 .
Theorem 3. Non-split supermanifold structures on P 1 (C) associated to a vector bundle E = 2O(l) ⊕ 2O(l ) with l < l only appear if l ≤ −1. The supermanifold structures associated to E are parametrized by the GL(2, C) × GL(2, C)-orbits of the diagonal action given by det 1 , ρ 1 ⊗ ρ 2 , det 2 , det 1 · ρ 2 ⊗ ρ * 2 , (det 1 · ρ 2 ⊗ ρ * 1 ) ⊕ (det 2 · ρ 1 ⊗ ρ * 2 ), det 2 · ρ 1 ⊗ ρ * 1 and det 1 · det 2 on the summands of the vector space: 
